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Plan

Lecture 1: The basics

> Modal logics
> Sequent calculus for classical and modal logics
> A labelled calculus for K (labK)

Lecture 2: The labelled approach

> Soundness and completeness for labK
> Rules for frame conditions: a general recipe
> Countermodels and termination

Lecture 3: Beyond the modal cube

> Neighbourhood semantics for conditional logics
> (Bi-)Relational semantics for intuitionistic (modal) logics
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Main references from lecture 2

Labelled calculi for modal logics

> Negri, , Journal of Philosophical Logic
34.5, 2005.

> Negri and von Plato, , Cambridge University
Press, 2008.

From geometric axioms to rules

> Negri,
, Arch. Math. Logic 42, 2003.

> Negri,
, Journal of Logic and Computation 26.2, 2014.
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Countermodels and termination
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A semantic proof of completeness

Cut-free completeness (semantically). For any logic X in the S5 cube,
If Ex A then Fapx = x : A.
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Exhaustive (infinite) search tree

Given a sequent Ry, g = Ay, construct a tree 7 of sequents by
applying “macro-steps” of rules:
(Base) S() = Ro, ro = Ao
(Ind) If every topmost sequent is an initial sequent, the construction
ends. Otherwise, for each non-initial sequent S, define:
> Sp.4 is the result of applying all the prop. rules, O, <R, ref,
sym, tr and Euc to each pair of relational atoms in S;
> Spio is the result of applying all instances of Og and ¢ to
formulas in Sy;1;
> Spy3 is the result of applying all instances of ser to pairs of
relational atoms in Sj.».
> Repeat (Ind)

In the construction, apply each rule at most once to every formula /
pair of formulas in a branch, e.g.:

Do not apply rule —| tosequent xRy,x:A—-B=x:A
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Constructing the (infinite) countermodel

If 7 is infinite, then it has an infinite branch 8* = (S;)i<,. We
construct a countermodel M* as follows:

> W* = {x | x occurs in 8%}
> xR*y iff xRy occurs in (R))i<w
> v¥(p) = {x | x : poccurs in (I})i<y}

It is easy to verify that M* satisfies the frame conditions X.

Truth Lemma. Take p*(x) = x, for each x in (S;)i<,. Then:
> 1f X : A € ()icw, then MX, p% = x : A
> 1F X A € (A))icw, then MX p% 1= x : A

Therefore, M*, p* £ Sy, s0 Sy is not valid.
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Sources of non-termination, 1

ser

X2 Rx3, X1 RXo, XoRXx1 = Xo : p
ser

Xx1Rx2, XgRx1 = X0 : p
ser

XoRx1 = X0 : p
] S B —
= Xo : P
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Sources of non-termination, 2

[}

" XRyo, yoRy+, xRy+, y1Ryz, XRyz = X : OO, Yo : 1,1 : P,Y2 : P, Y2 - Op
" . XRYo, yoRy1, xRy1, y1Ry2, XRy2 = x : 00p, Yo : L.y1 :p, Y2 : p
o xRyo, yoRy1, xRy1,y1Ry2 = x : 00Op, yo : L, y1 1P, y2 : p
xRyo, YoRy1, xRyr = x : 00p, yo : L, y1 : p,ys : Op
tIer?yo,yoF?y1,xF\’y1 = x:000,¥: L, y1:p
xRyo, YoRy: = x : 00p,yo : L,y1:p
XRyo = x :00p, Yo : L, yo : Op
xRyp = x:00p, )0 : L

OR

OR

OR

Or

= x:00p,x : 0L
VR

= x:00pVvVoOL
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Can we bound proof search?

= : Minimality argument for some logics in the
S5-cube (K, T, S4, S5)

= : Termination for intermediate logics

Termination. For all the logics in the S5-cube, root-first proof search
comes to an end in a finite number of steps.

> Saturated sequent in a branch
> After a finite number of steps, we reach either an initial
sequent or a saturated sequent

> The finite branch of a saturated sequent provides a finite
countermodel.
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Exhaustive (finite) search tree: case of labK4

When building a branch 8B of a search tree for Sg = Rp, [0 = Ayp:
> Do not apply a rule to (pairs of) formulas in S if S already
satisfies the saturation condition associated to the rule;

> Apply Or and O after all the other rules have been applied.

Some saturation conditions for R;, I = A along a branch:
(Tr) If xRy and yRz are in | R;, then xRz isin | R;;

(AL) lfx:AABisin| T thenboth x:Aandx:Barein| T
(AR) Ifx:AABisin] Aj theneitherx: Aorx: Bisin | Aj;
(OL) lix:oAisin| T;and xRy isin | R, theny : Aisin | T;
(Or)

If x :oAisin | Aj, then for some y, xRy isin | Riand y : Aisin
AV
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all the conditions.
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(OL) lix:oAisin| T;and xRy isin | R, theny : Aisin | T;
(Or)

If x :oAisin | Aj, then for some y, xRy isin | Riand y : Aisin

,l, A,‘ or

for some z # x, zRxisin | Rijandforall x : B, x : Bisin | [/ | A;
iff x: Bisin | i/ | Aj;

R;, [i = Ajis saturated if it is not an initial sequent and it satisfies
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Example

(OR) lfx: oA isin | Aj, then for some y, xRy isin [ Riandy : A is
in| A; or
for some z # x, zRx isin | Rijand forall x : B, x : B is in
LT/ LAiffx:Bisin L Ti/ | Ax;

fail

xRyo, YoRy1, XRy1, y1 Ry2, YoRYe, XxRy2 = x : 0Op, Yo : L,y1 1 p,y2 1 P, Y2 : Op
. XRyo, YoRy1, xRy1, y1Ry2, YoRy2, xRy, = x : 00p, Yo : L, y1 :p,y2: p
. xRyo, yoRy1, XRy1, y1Ry2, YoRy2 = x : o0Op, yo : L, y1 :p,Y2 . p
xRYyo, YoRy1, XRy1, y1Ry2 = X : 00Op, Yo : Ly1 1 p,y2: p
HQ XRYyo, yoRy1, XRyr = x - 00p, yo : L, y1 1 p,y1 - Op
v xRyo, YoRy1, XxRyr = x : 00p, ¥o : L,y1 : p
xRyo,YoRyr = x : 00Op,yo : Ly1:p
XRyo = x :00p, Yo 1 L,yo : Op
XRyo = x : o0Op, Yo 1 L

OR

[m]

ORr

OR

Or
= x:00p,x: 0L
R = T ——

= x:<o0pvaoOL
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Finite countermodel construction: example

fail

on xRyo, YoRy1, XRy1, y1Ry2, YoRYy2, xRy = x : 00Op, Yo : L, y1: P, Y2 : p, Y2 : Op
. XRyo, YoRy1, XRy1, y1Ryz2, YoRyz2, XRy2 = X : 0Op, Yo : L, y1 i p, Y2 : p
. xRyo, YoRy1, XRy1, y1Ry2, YoRy2 = x : 00Op, Yo : L, y1 :p,y2: p
o xRyo, yoRy1, XRy1,y1Ry2 = x : 00Op, Yo : L.y1:p, Y2 : p
xRyo, yoRy1,XRyr = x : 00p,yo : L,ys = p,y1 : Op
y xRyo, YoRy1, XRyy = x : 00p,¥o : L, y1 : p
XRyo,YoRyr = x : 00p,yo : Ly1:p
- xRyo = x : 00p, Yo : L,yo : Op
i XRyp = x : o0Op,yo : L

OR

<o

ORr
= x:o0p, X 0L
VR —————

= Xx:<o0pVvoOL
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Finite countermodel construction: example

fail

. XRyo, YoRy1, XRy1, y1Ry2, YoRy2, XRy> = x : 00Op, Yo : L,y1 1 p, Yo : P, Yo : Op
R
. xRyo, YoRy1, XRy1, y1Ry2, YoRy2, XRy> = x : 00p, Yo : L,y1 : p, Y2 : p

. xRyo, YoRy1, XRy1, y1Ry2, YoRy2 = x : 00Op, Yo : L, y1 :p, Y2 : p

. XRyo, yoRy1,xRy1,y1Rys = x : 00p, Yo : L,y1 :p, Yo : P
R
xRyo, YoRy1,xRyy = x : o0p, yo : L, y1 : p,yq - Op

OR

y xRyo, YoRy1, xRy = x : ¢0p, yo : L, y1 : p

. xRyo, YoRy1r = x : 00p,yo : L, y1: p
R

<o

xRyo = x : 00p, Yo : L,yo : Op
R

XRyp = x : o0Op,yo : L

Or

VR
= Xx:<o0pVvoOL
X Yo Y1

X ¥ OL
X¥oop yo¥Op y1¥op yi¥p

= x:00p,x 0L
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Summing up

Termination. Root-first proof search in labK4 comes to an end along
each branch 8 in a finite number of steps, with every leaf occupied
by either an initial sequent or a saturated sequent.

Cut-free completeness (semantically). If =q4c4 A then Fjapka = x : A.
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Summing up

Termination. Root-first proof search in labK4 comes to an end along
each branch 8 in a finite number of steps, with every leaf occupied
by either an initial sequent or a saturated sequent.

Cut-free completeness (semantically). If =q4c4 A then Fjapka = x : A.

Corollary. K4 has the finite model property.

Corollary. The validity problem of K4 is decidable.

15/30



Neighbourhood semantics
for conditional logics
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Conditional logics

1960-70: , ) ) :
AB:=p|L|AVB|AAB|A->B|A>B

DA =-A>1 OA:=-(L>A)

v

If I hadn’t overslept, then | would have caught the train.

v

If Alice saw a lunar eclipse, then she would no longer believe
that Earth is flat.

If Tux is a bird then it can normally fly.

v
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DA =-A>1 OA:=-(L>A)

v

If I hadn’t overslept, then | would have caught the train.

v

If Alice saw a lunar eclipse, then she would no longer believe
that Earth is flat.

If Tux is a bird then it can normally fly.

v

i Neighbourhood models: To each world is associated a set of
sets of worlds, used to interpret A > B
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Neighbourhood models for VC

M={(W,N,v)
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Neighbourhood models for VC

M= (W,N,v) N:W - PP(W)) st 0¢N(x) v:Am— P(W)
Nesting forall o, € N(x),» CporpcC
Centering for all » € N(x), x € @ and {x} € N(x)

yrp.q
X1 q
ZIkq

kirp

X p>q iff ifthereis o € N(x)s.t. o -7 p,
thereis s e N(x)s.t. fCoands i pandp ik’ p— g

F'A=Vyea,yrA FHA=z3dyeos tyrA
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Conditional logics

VA — VNA VTA VWA —— VCA
A an e an s
VU VNU VTU vwuU —— VCU
an an an an v
\Y VN VT VW VC
PA > PNA > PTA > PWA > PCA
:ﬂ .ﬂ .ﬂ :ﬂ /Z
PU >* PNU » PTU > PWU » PCU
A E A B s
PCL PN PT PW PC
Nes forall o, e N(x),» CporpC
N X)#0 C {x} e N(x)andforall > € N(x), x €
T thereis v € N(x) s.t. x € U forall x,y, UN(x)=UN(y

W Xx)#0andforall € N(x), x € A forall x,y, N(x) = N(y
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Labelled calculi: enriching the language |

1 Countably many variables for worlds  x,y,z,...
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i Relational atoms
> X€a ~» “xisanelementof a”
> a € N(x) ~ “aisanelementof N(x)”
>achb ~ “aisincludedin b”

> Some rules for frame conditions

C forall x, {x} € N(x) and for all « € N(x), x €

. {x} € N(x),{x} Ca,aeN(Xx),RT=A x e {xhL{x} e N(x),RT = A
ingl
ae NX),RT = A T ENX)L R T = A
Ve {x}, At(y), At(x),R,T = A Y€ {x}, At(x), At(y),R,T = A
] €|
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(inspired from )
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> Xla A|B ~ “thereisab € N(x) suchthatb ca, b7 A
andb i’ A— B

X kA > B iff ifthereis o € N(x) s.t. o 1K A,
thereis f e N(x)st. s Coandf -l Aand ' A — B

iz Some rules for >

aeNX),Rar'AT=Axr,A|B Rxeax:Al=A

|
- RT=Ax: A>B @ TR A ArSA
beN(x),bcaRcir Acr' A-BT=A
[= |
: RxtaA|B.RT = A @)

(x1)
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Summing up

= |n : modular labelled calculi for all
the logics in the conditional lattice

1= Other results: cut-admissibility for all the calculi; termination for
almost all the logics

1= For the logics in the lower part of the conditional lattice (without
nesting), there are no known non-labelled analytic proof systems
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modal) logics

(Bi-)Relational semantics

for intuitionistic (
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Intuitionistic logic

AB:=p|L|IAVB|AAB|ADB
-A=ADL
M=<(W, <, v), where
> W=0

> < is reflexive and transitive
> v:Atm —» P(W) st ifx<yand x  p,theny I p
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Intuitionistic logic

AB:=p|L|IAVB|AAB|ADB
-A=ADL

M=<(W, <, v), where
> W0
> < is reflexive and transitive
> v:Atm —» P(W) st ifx<yand x  p,theny I p

x+A>DB iff forallyst x<y,ifyr A, theny B

Monotonicity ifx<yandx i A,thenyir A
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Labelled calculus for intuitionistic logic

> Relational atoms and labelled formulas
> X <y ~» “yisaccessible from x in the preorder”
> X: A ~» “xsatisfies A”
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> Relational atoms and labelled formulas
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1 Some labelled rules

X<Xx,RI=A X<z,x<y,y<zRI=A
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Labelled calculus for intuitionistic logic

> Relational atoms and labelled formulas
> X <y ~» “yisaccessible from x in the preorder”
> X: A ~» “xsatisfies A”

1 Some labelled rules
x<y,Ry:Al=Ay:B

init DR ()
X<y,Rx:p,T=Ay:p RIT=>A,x:ADB

X<y,Rx:ADB,IT=>Ay:A x<y,Rx:ADB,y:B = A
XxX<y,R,x:ADB, = A

oL

X<Xx,RI=A X<z,x<y,y<zRI=A
Ref Tr
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Labelled calculus for intuitionistic logic

> Relational atoms and labelled formulas
> X <y ~» “yisaccessible from x in the preorder”
> X: A ~» “xsatisfies A”

1 Some labelled rules
x<y,Ry:Al=Ay:B

init DR ()
X<y,Rx:p,T=Ay:p RIT=>A,x:ADB

X<y,Rx:ADB,IT=>Ay:A x<y,Rx:ADB,y:B = A
XxX<y,R,x:ADB, = A

oL

X<Xx,RI=A X<z,x<y,y<zRI=A
Ref Tr
T Rroa X<y y<z Rl =A

= Termination
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Intuitionistic modal logics

Li=p|L|IAAB|AVB|ADB|DA|GA -A=ADL
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Intuitionistic modal logics

Li=p|L|AAB|AVB|ADB|OA|QA —-A=ADL1

nec if Ais provable, so is OA
ki o(A>B)>(oA>oB)
k2 o(A>B)>(¢AD>¢B)
k3 <©(AVB)>(®AVOB)
k4 (©0A>oB)>o(A>B)

k5 OLDL

d OADQA OA D A

t OADA ADCA
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Intuitionistic modal logics

Li=p|L|AAB|AVB|ADB|OA|QA

nec

k1
k2

if Ais provable, so is DA
o(A>B)> (oA >oOB)

o(A>B)>(©0ADOB)
O(AV B)D(0AVOB)
(¢GA>oB)>o(AD>B)
OLD L

ODADCA

ODADA A ADOA
ADOCA A OOADA
ODADOODA A OOCADOA
CADOCA A ODADDA

1S4

ID4

IK4

-A=AD_L
IS5
ITB
ID45
ID5
IDB
IK45 IKB5
IK5
IKB
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Intuitionistic modal logics

Li=p|L|AAB|AVB|ADB|OA|QA —-A=ADL1

nec if Ais provable, so is OA
ki o(A>B)>(oA>oB) |

S4 1S5
k2 D(A>B)>(¢AD>OB) T - |-|-B///
k3 O(AVB)>(0AVOB) ! L
k4 (©A>oB)>O(A>B) foa e ID45 ‘
k5 OL DL |D”?/ : : IDB
d DAD0A IK4 - - ---- IK45 -t - IKB5
t ODADA A ADOA - IKS /

b ASDO0A A ODADA IK IKB
4 DA>OoA A OOCADCA
5 CA>O00A A OOADOA
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Bi-relational models for IK (and extensions)

> , soundness and completeness proof
>
M - <W, ’ S, V>
X’ u u y’
A~ ~ i N
X —Y X—Yy

x-ADB iff forallyst x<y,ifyrA,thenyr B
x oA iff forally,zst. x<yandyRz,zr A
X OA iff  there exists zs.t. xHzand z - A

= Monotonicity ifx <yandx i A,theny I A
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Labelled calculi for IK (and extensions)

1 Relational atoms and labelled formulas
> X<y ~» “yisaccessible from x in the preorder”
> xRy ~» “yis accessible from x”
> X: A ~» “xsatisfies A”

1 Some labelled rules
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Labelled calculi for IK (and extensions)

iz Relational atoms and labelled formulas
> X<y ~» “yisaccessible from x in the preorder”
> xRy ~» “yis accessible from x”
> X: A ~» “xsatisfies A”

1 Some labelled rules

x<y,xRy,R,x :0A,z: Al = A x<y,yRz,R, = A,z: A
[m/} OR (y,2!)

x<y,xRy,R,x:0A, T = A RT=A,x:0A

X'Ru,y <u,x <x,xRy,R,T = A
F1
x < x,xRy,R,T = A

(ul)

x <u,uRy’,xRy,y <y, RT=A
F2

(uh
xRy,y <y, R T = A
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> [Garg, Genovese and Negri, 2012] IML without ¢

x - OA iff forallzs.t. xRz, z+ A

> [Maffezioli, Naibo and Negri, 2013]
M — <Wa RK’ RQ’ S’ V)

x - OA iff forall zs.t. xRz, zIF A
X - OA iff thereiszs.t. xR,zandz ik A
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Axiom systems, conditional logics (I)

PCL
Axiomatization classical propositional logic plus
(A>C) e (B>0)

(RCEA)

Ao B
(RCK) (C>A)—(C>B)

A—-B
(R-And) (A>B)A(A>C)— (A>(BACQ))
(ID) A>A
(CM) (A>B)A(A>C)—> ((AAB)>C)
(RT) (A>B)A((AAB)>C)—> (A>0C)
(OR) (A>C)A(B>C)—> ((AvB)>C)

<

Axiomatization of V plus
(CV) (A>C)A=(A>-B)—> ((AAB)>C)
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Axiom systems, conditional logics (ll)

Axioms for extensions
N) —(T>1)
T Ao—(A>1)
W) (A>B)—>(A—>B)
C) (AAB)—(A>B)
) (FA>1)—> (=(-A>1)>1)
) “(A>1)->((A>1)>1)
A1) (A>B)—-(C>(A>B))
) —=(A>B)— (C>-(A>B))

Total reflexivity
Weak centering
Strong centering
Uniformity (1)
Uniformity (2)
Absoluteness (1)

Absoluteness (2)
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In the literature

iz To each world is associated a set of sets of worlds, used to
interpret modalities

Neighbourhood semantics
> As a semantics for non-normal modal logics

> As a semantics for belief revision
> As a semantics for conditional logics:

L] H

Labelled calculi based on neighbourhood semantics
> Non-normal modal logics:
> Conditional logics:
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