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Plan

Lecture 1: The basics

> Modal logics
> Sequent calculus for classical and modal logics
> A labelled calculus for K (labK)

Lecture 2: The labelled approach

> Soundness and completeness for labK
> Rules for frame conditions: a general recipe
> Countermodels and termination

Lecture 3: Beyond the modal cube

> Neighbourhood semantics for conditional logics
> (Bi-)Relational semantics for intuitionistic (modal) logics
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The S5 cube of modal logics

AB:=p|L|AAB|AVB|A->B|OA|CA A=A 1
OA & -O0-A
OA & =0-A
CP axiomatisation of classical prop. logic
nec if Ais provable, so is OA /8‘4 /185
k 0O(A— B)— (0A - OB) T— B,
d OA — OA D4 ------- D45 /W
t DA-A D:,;,-DS’ | OB
b A—OoA ! |
4 DA—>DDA K477:””:‘ K457 - KBS
o _-K5” /
5 CA->0O0A K= KB

= +cp A ~» A is derivable from the axioms of CP

iy A ~» A is derivable from the axioms of X

4/21



Kripke models for K

M=W,R,v)

Wy o ws
SR ONO
R W2
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S4 S5
T — -3
D4----- D45

;-Db57

- - DB

K4 - +--- K45 - KB5
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S4 S5
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D4----- D45

c- b5
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OA - OA | Ser.  Vx3dy(xRy)

oA —A | Refl. Vx(xRx)

A—-DO0A | Sym. VxVy(xRy — yRx)
0OA - 0O0A | Tran. VxVyVz(xRy A yRz — xRz)
OA - OCA | Eucl. VxVyVz(xRy A xRz — yRz)

o o T —~ Q

Soundness and Completeness. +x A iff Ex A

Exercise. Prove that Ref+Sym+Tr iff Ref+Eucl.
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Sequent calculus
for classical and modal logics
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Gentzen-style calculus for classical logic
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Gentzen-style calculus for classical logic

AB = p|L|IAAB|AVB|A—B -A=A->_1
Sequent = A I, A multisets of formulas
Formula interpretation i(l = A) .= AT - VA
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Gentzen-style calculus for classical logic

AB = p|L|IAAB|AVB|A—B -A=A->_1

Sequent = A I, A multisets of formulas

Formula interpretation i(l = A) .= AT - VA

G3cp int———————— o
p, I = A,p 1, = A
ABT = A F>AA FT>AB
AABT = A TS AAAB
A=A BI=A = AA,B
AVB = A "roAAvVB
= AA Bl=A AT = A,B
AL BIoA TS AASB

% bgacp | = A~ thereis a derivation of ' = A in G3cp

8/21



Example

init init
a.p=1rq q.r.p=r
init —L

g—ornp=rp q.9—>rnp=r
] p—q.q—rp=r
pP—qq—or=p—r
(p—a)r(gor)=>por
=((p=a9Ar(g—-r)—(p—r)

-

—R

AL

—R
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Main results

Soundness. If Fg3cp = A then rcp A.

Completeness. If +cp A then Fgacp = A.
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Soundness. If Fg3cp = A then rcp A.

Proof. By showing that the rules of G3cp preserve theoremhood.

Completeness. If +cp A then Fgacp = A.

Proof. By simulating the rules of the Hilbert system.
PI—CPA AI—CPB M= AA A,I"=>A’

cut

M M
rop B L= A A

Cut-elimination. If A is derivable in G3cp + cut then A is derivable
in G3cp.

Cut-admissibility. If tgzep ' = A, A and rg3ep A.I" = A/, then
"G3cp r, r/ = A, A/.
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Main results, graphically

I—HA

Soundness
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Gentzen-style sequent calculi for modal logics

AB = p|LIAAB|AVB|A—>B|COA

3
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Gentzen-style sequent calculi for modal logics

AB = p|LIAAB|AVB|A—-B|OA
) Bi,....Bp,=> A ATT= A
t
,oBi,...,0B, = 0A,A oA, = A
OBy, ..., oB, = A OBy, ..., oB, = A,0C;y,..., OCm

4 45
IL,oBi,...,0B,=> 0A,A I,oBy,...,0B,=>0A,0C,...,0CH, A

> Sequent calculus for K: G3cp + k

> Sequent calculus for T: G3cp + k +t

> Sequent calculus for S4: G3cp + 4 +t
> Sequent calculus for S5: G3cp + 45 +t

Invertibility of a rule. If the conclusion of the rule is derivable, then
each of its premisses is derivable.
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But..

The sequent calculus for S5 is NOT cut-free complete.

Analyticity. All formulas in a derivation are subformulas of the formula

at the root.
r=AA Al'=A

L= AN

cut

= “A cut-free sequent calculus for S5 will require additional
machinery in the rule format or a very different, possibly semantic,
proof of cut admissibility.”
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A syntactic solution

Enrich the structure of sequents

1= Hypersequents
For S5 n
Ty = Ag || T = Ay) - v (i = A))

I:

H7—(||:|A,F:>A|A,Z:>I'I H?(IF:A|:>A
k k
" H|OAT= A =0 FHIT= A DA

1= Nested sequents

’

i = A [So)...... [Zk]) /\H\/AVV

S(DA,T = A [A, T = A']) S{F=>A,[=>A]

O

SIBAT= A =4A],  S(T=A0A)

14/21



A semantic solution

Enrich the language of the calculus

15/21



A semantic solution

Enrich the language of the calculus

1= | abelled sequent calculi

15/21



A semantic solution

Enrich the language of the calculus

1= | abelled sequent calculi

> Spotted formulas for S5
> , Tableaux + labels
> , Natural deduction + labels

> , Sequent calculus + labels
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R X:AAB = A i RT = A x:ANB
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XRy,R,y : A,x :0A,T = A xRy,R.T = A,y: A
T YRy, R x DALT = A R =Ax oA Y
xRy, R,y - A,T = A xRy,R,T = A,x: OA,y - A
" Rx oAT=A Y TRy RT = A, x: OA

y! ~» ydoesnotoccurinRUTUA

18/21



Derivation example

init init
<>xl-"a‘y,y:p:,ay:q,x:<>p,y:p Dny,x:l:lq,y:q,y:p:y:q
R L

XRy,y:A=y:q,x:0p xRy, x:0q,y :p=>y:q
xRy,x : Op—-0Oq,y:p=>y:q
F{ny,x:<>p—>|:|q:>y:p—>q

Or

—L

-

x:op—oOg=x:0(p—q)
= x:(op—0oq)—-o(p—q)

-
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Derivation example

init init
<>xl-"m‘y,y:p:,ay:q,x:<>p,y:p Dny,x:l:lq,y:q,y:p:y:q
R L

XRy,y:A=y:q,x:0p xRy, x:0q,y :p=>y:q
xRy,x : Op—-0Oq,y:p=>y:q
F{ny,x:<>p—>|:|q:>y:p—>q

Or

—L

-

x:op—oOg=x:0(p—q)
= x:(op—0oq)—-o(p—q)

-

Exercise. Construct a derivation of the following:
= x:0(p— q) — (Op — 0q)
= x:0(p = q) = (Op — ©Qq)
=x:0(pVvQq) — (OpVoQq)
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Summing up

= Formula interpretation
= Analyticity

= Termination

= |nvertibility

== Modularity

* Even beyond the S5 cube!

G3cp
yes
yes
yes
yes

n.a.

G3cp+
modal r.

yes

Labelled
no

subterm
yes
yes

*

yes

Nested
yes
yes
yes
yes

yes
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Kripke models for K4

M =W, R,v)
4: DADODA Transitivity of R

W1 R Wo W3
R
Soundness and Completeness. tka A iff Exaq A
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Soundness of the k rule

B‘],...,Bn:A

k
[L,oBy,...,0B,=>0A,A
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Properties of sequent calculus

> Analyticity ~» All formulas in a derivation are subformulas of
the formula at the root.

MN=AA Al =A
rLrr=AA

cut

> Context-independence ~» Rules modify only the principal
formula

> Termination ~» Decision procedure

> Invertibility of the rules ~» Root-first proof search without
choices, Countermodel construction

> Modularity over the S5 cube ~» Adding rules in
correspondence to frame conditions
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A “syntactic” solution: hypersequents

F1 = A1 [ -] Fn A
n
i(T1 = Ag |- | Th= Ap) \/D (M= A))
1= Hypersequent rules for S5

JHIDAT=SAA L= JHIT= A=A
k k
" H|OAT= A =0 FHIT= A DA

H|A DA T = A
k
" H|DAT= A

Exercise. Prove soundness of the k;’ rule.

1 Hypersequents for the S5 cube
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Nested sequents

M= A [Z4]

for X1,..., X, nested sequents

i(T= A, [Zo)..... [Z«]) AFDVAV\/

== The nested rules for O

S(DA,T = A, [A,T" = A} S(F= A, [=A])

SIOAT= A" =4] " Sr=A0A)

Exercise. Show soundness of the k’F'{ rule.

1= Full modularity over the S5 cube
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